A New 2+1 Dimensional Einstein Gravity Solution Coupled to Born-Infeld
  Electromagnetic Theory without Cosmological Constan by Kuniyasu, Masashi
ar
X
iv
:1
40
2.
23
87
v2
  [
gr
-q
c] 
 13
 Fe
b 2
01
4
A New 2 + 1 Dimensional Einstein Gravity Solution Coupled to
Born-Infeld Electromagnetic Theory without Cosmological Constant
Masashi Kuniyasu∗
Graduate School of Science and Technology, Yamaguchi University,
Yamaguchi-shi, Yamaguchi 753–8512, Japan
March 21, 2019
Abstract
A new solution of the Einstein-Born-Infeld theory in 2 + 1 space-time is derived. A new solution has no
horizon there are two singularity. This space-time has two singular points, however, one of the point at the
origin is not in the physical region. We also investigate the energycondition. Then, weak energy condition
is satisfied. However, causal energy condition is violated.
The theory of gravity in 2 + 1 dimensional space-
time was first investigated by Deser et al [1]. Anyone
could not find black hole solution in 2 + 1 space-time
around 80’s. However, Ban˜ados et al [2] derived black
hole solution in the 2+1 Anti-de-Sitter space time. Af-
ter their research, the solution in 2+1 space-time with
matter field was investigated. In this paper, we atten-
tion non linear electrodynamic (NED) as the matter
field.
Einstein’s gravity solutions in 2+1 space-time that
couple to NED was first investigated by Caldro et
al [3],[4]. They treated circular symmetric electric field.
Recently, Mazaharimousavi found new solutions with
special vector potential that is considered in our paper.
There is consistent solutions with Maxwell electrody-
namic field [5] and
√
|F | type NED without cosmolog-
ical constant [6]. Then, in this paper, we try to find a
new 2+1 gravity solution coupled to Born-Infeld type
NED[7] without cosmological constant.
Let us take the 2 + 1 dimensional action which is
coupled to electrodynamic field without cosmological
constant
I =
1
2
∫
d3x
√−g(R− αL(F )) . (1)
Where R is the Ricci scalar, α is a coupling constant
and F is the Maxwell invariant which is defined by
F = FµνF
µν with Fµν = ∂µAν − ∂νAµ. The explicit
form of the Laglangian is given by
L(F ) = 4b2
(
1−
√
1 +
F
2b2
)
. (2)
Where b is a constant. We get the following Einstein
equation from the variation of the action (1) which is
respect to gµν
Gµν = T
µ
ν . (3)
Where Tµν is the stress tensor of the electromagnetic
field given by
T µν = α
(
−2FµλFνλL,F + δµν
L
2
)
, (4)
in which L,F means differential of F and the explicit
form is
L,F =
−1√
1 + F/2b2
. (5)
Next, let us set the electric field ansatz as
Ftθ = E0 . (6)
Where E0 is a constant. Electric potential such as
A = E0 (−cθ, 0, at) , (7)
generate the electric field (6) (two constant a and c sat-
isfy the relation a+ c = 1). Above electric field ansatz
was investigated by Mazharimousavi at el [5],[6]. They
considered F k type electromagnetic field of k = 1/2, 1.
Then, we set metric ansatz as follows:
ds2 = −
(
r
r0
)2
dt2 +B(r)dr2 + r2dθ2 . (8)
In which r0 is a constant, and B(r) is some arbitrar-
ily function. Such as metric is derived by F 1/2 type
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electromagnetic field (radial scalar field without a cos-
mological constant is also consistent with above metric
ansatz [8]). So, we try (8) type ansatz. This metric
generate the following Einstein tensor
Gtt = G
θ
θ = −
1
2rB2
dB
dr
, (9)
Grr =
1
r2B
. (10)
Addition, Maxwell invariant Ftθ is given by
F = 2FtθF
tθ = −2r
2
0E
2
0
r4
. (11)
Non zero component of the stress tensor becomes as
follows
T tt = T
θ
θ = −2αb2
(
1−
√
1− r20E20r4b2
)
√
1− r20E20r4b2
, (12)
T rr = 2αb
2
(
1−
√
1− r
2
0
E2
0
r4b2
)
. (13)
From radial component of the Einstein equation
(3), we can determinate function B(r)
B(r) =
1
2αb2r2
(
1−
√
1− r20E20r4b2
) . (14)
This function is consistent with temporal and angle
part of the Einstein equation because the differential
of the function B(r) is
dB
dr
= 4αb2rB2
(
1−
√
1− r20E20r4b2
)
√
1− r20E20r4b2
. (15)
That is why we conclude the new 2+ 1 Einstein-Born-
Infeld solution without the cosmological constant is
ds2 =−
(
r
r0
)2
dt2
+
dr2
2αb2
(
r2 −
√
r4 − r20E20b2
) + r2dθ2 . (16)
We notice that r must be lager than
√
r0E0/b. Addi-
tion, α must be positive to get the 2 + 1 space-time.
Next, to analyze the singular point of space-time
(16), we calculate the invariant R = RµνλσRµνλσ
R =2
(
1
rB2
dB
dr
)2
+
4
r4B2
=8(Gtt)
2 + 4(Grr)
2 .
(17)
Here, let us use the Einstein equation (3) and we get
R =16α2b4
(
r2 −
√
r4 − r
2
0
E2
0
b2
)2
× 1
r4
3r4 − r2
0
E2
0
/b2
r4 − r2
0
E2
0
/b2
.
(18)
From the invariant R, this space time has two singular
points at r = 0 and r =
√
r0E0/b. However, physical
region of space-time (16) is r >
√
r0E0/b, r = 0 sin-
gular point is not naked. On the other hand, singular
r =
√
r0E0/b is naked. That is why we conclude our
new solution (16) has one naked singular point.
Finally, let us consider the energy condition. We
define following quantities;
ρ = −T tt , (19)
p = T rr , (20)
q = T θθ = −ρ . (21)
Weak energy conditions (WECs) means, i) ρ ≥ 0, ii)ρ+
p ≥ 0 and iii)ρ+ q ≥ 0. Then,
ρ+ p =
r20
r2
2αE20√
r4 − r2
0
E2
0
/b2
, (22)
ρ+ q = 0 . (23)
That is why WECs are all satisfied if the coupling α
is positive. It is consistent with the spatial part of
the metric is larger than zero. This condition is also
derived by Maxwell type theory[5]. On the other hand,
pe =
p+ q
2
= −αb2
[(
1− r
2
0
E2
0
r4b2
)
−1/4
−
(
1− r
2
0
E2
0
r4b2
)1/4]2
.
(24)
It means the causal energy condition 0 ≤ pe ≤ 1 will vi-
olate. Moreover, if we take E0/b ∼ 0, pe reaches to zero
and the causal energy condition will be satisfied. This
means Maxwell limit of the Born-Infeld theory which
is consistent with condition of the Einstein Maxwell
solution[5].
In this article, we derived a new solution of the
Einstein-Born-Infeld theory without cosmological con-
stant. A new solution (16) has no horizon and sin-
gular point lies at r = 0 and r =
√
r0E0/b. How-
ever, physical region of the space-time (16)is larger
than
√
r0E0/b. So, we conclude there is one naked
singularity in the new space-time (16). We also inves-
tigated energy condition, and weak energy conditions
was satisfied. However, causal energy condition was vi-
olated. Moreover, in the Maxwell limit, causal energy
condition will recovered.
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